Abstract. There are many known Cauchy-Schwarz-type inequalities which are valid in different frameworks. In this paper we consider the A-valued Cauchy-Schwarz inequality and its reverse in a semi-inner product A-module over the C * -algebra A. Some remarks on the A-valued Cauchy-Schwarz inequality in a semi-inner product A-module over the H * -algebra A are also given.
Introduction and preliminaries
The Cauchy-Schwarz inequality plays an important role in the theory of inner product spaces. It is one of the classical inequalities (see [5, 6] ). It is well known that in a semi-inner product space (H, . , . ) the Cauchy-Schwarz inequality has the form | x , y | 2 ≤ x , x y , y (x, y ∈ H). Furthermore, the following additive reverse of the Cauchy-Schwarz inequality holds ([1, Theorem 1]). Theorem 1.1. Let (H, . , . ) be an inner product space over K (K = R, C) and let . be the norm in H induced by . , . . If α, β ∈ K and x, y ∈ H are such that
Re αy − x , x − βy ≥ 0, or, equivalently,
holds, then we have the inequality
The constant 1 4 is the best possible.
A natural way to generalize these inequalities is to consider them in more abstract structures. In this paper, the framework for our considerations is a semi-inner product C * -module. In the rest of this section we define and give some properties of a semi-inner product C * -module. A C * -algebra is a complex Banach * -algebra (A, . ) such that a * a = a 2 for every a ∈ A. A C * -algebra A can be embedded into a unital C * -algebraÃ containing A as an ideal. The elements ofÃ are pairs (a, λ) with a ∈ A and λ ∈ C. For every C * -algebra (A, . ) there is a generalized sequence {e α } in A such that lim 2 ; such an element b is called the positive square root of a. For every a ∈ A, |a| denotes the positive square root of a * a. A (right) semi-inner product C * -module (a semi-inner product A-module over the C * -algebra A) is an algebraic right A-module H which is a complex linear space such that (λf )a = f (λa) = λ(f a) for all f ∈ H, a ∈ A, λ ∈ C, together with a generalized semi-inner product, that is with an A-valued mapping [ . , . ] on H × H, having the following properties: Any semi-inner product A-module may be regarded as a semi-inner product A-module if we put f (a, λ) = f a + λf for all f ∈ H, a ∈ A, λ ∈ C.
Every C * -algebra A can be understood as a semi-inner product A-module via
If H is a semi-inner product A-module, then it is well-known (e.g. [3, Proposition 1.1]) that the following A-valued Cauchy-Schwarz inequality holds:
In Section 2 we sharpen this inequality in the case when |f | ∈ Z(A), and in Section 3 we give an additive reverse of the obtained inequality. Some remarks on the Cauchy-Schwarz inequality in semi-inner product H * -modules are given in Section 4.
The Cauchy-Schwarz inequality
Proof. Without loss of generality we may assume that A is unital with identity e. For all f, g ∈ H and a ∈ A we have
Let ε > 0 be an arbitrary real number. Let x ∈ A be such that εe ≤ x. Since x * = x, use of spectral theory yields x ≤ x e (see e.g. [ 
Hence,
is invertible, thus x is also invertible. In particular, |f |+εe is invertible and it commutes with every element in A. Thus its inverse also commutes with every element in A.
If we put
Multiplying this by (|f | + εe) 2 , using the fact that |f | + εe ∈ Z(A) and applying [4, Theorem 2.2.5. (2)], we get 
Taking this into account in (2.3), we conclude
Letting ε → 0, we finally get 1) sharpens (1.2) . If A is unital with identity e and Z(A) = Ce, then the inequality (2.1) coincides with the Cauchy-Schwarz inequality (1.2) for all f, g ∈ H such that |f | ∈ Z(A).
The following corollary is of independent interest. Corollary 2.3. Let A be a C * -algebra. If a ∈ A is such that |a| ∈ Z(A), then |a * | ≤ |a|. In particular, if both |a| and |a * | are in Z(A), then |a| = |a * |.
Proof. Applying Theorem 2.1 for H = A, we get |a Remark 2.4. The involution * is said to be positive when a * a = 0 if and only if a = 0. The involution of a C * -algebra is an example of a positive involution. In any * -ring A with positive involution, if both a * a and aa * are in Z(A), then a * a = aa * . Namely,
so a * a − aa * = 0.
A reverse of the Cauchy-Schwarz inequality
Let us prove an additive reverse of the Cauchy-Schwarz inequality (2.1).
Theorem 3.1. Let A be a C * -algebra. Let (H, [ . , . ]) be a semi-inner product A-module. If a, b ∈ A and f, g ∈ H are such that |f | ∈ Z(A) and that the assumption 
